Abstract. We describe the history of theory prediction of inclusive atmospheric neutrino flux shortly, then the 3-dimensional calculation of atmospheric neutrino flux in some detail. With the calculated atmospheric neutrino flux for INO and South Pole, we discuss on the relation of atmospheric neutrino flux and geomagnetic field. We find the full 3-dimensional scheme calculation is necessary for the theory prediction of the atmospheric neutrino flux.
Short history as the introduction
The atmospheric neutrino flux is calculated in the 1-dimensional scheme for long time [1, 2] . It is believed that the 1-dimensional scheme calculation is good enough because of the nature of the hadronic interaction and the small muon bending angle in the geomagnetic field ( ∼5 degree) before the decay. Also the 3-dimensional scheme calculation is very inefficient computation compared to the 1dimensional scheme calculation. We had considered it is impossible to complete within a reasonable computation time.
These situation continued until Fluka group [3] reported the calculation in a 3-dimensional scheme, limiting the effect of geomagnetic field only to the rigidity cutoff. In this scheme of the calculation, they could reduce the computation time largely, but find a large horizontal enhancement of neutrino flux, which is not seen in the 1-dimensional scheme calculation.
The importance of the geomagnetic field in the atmosphere is discussed by Lipari [4] qualitatively, and a 3-dimensional scheme calculation with the geomagnetic field in the atmosphere was carried out by Barr et al. [5] , supporting the discussion of Lipari quantitatively. However, they introduced many acceleration technique in their calculation. It is not a full 3-dimensional calculation yet.
A calculation a little more close to the full 3-dimensional scheme was carried out by Honda et al. [6] , with fast interaction code and virtual detector correction. We illustrate this work and the following developments in this paper.
Calculation Scheme
For the calculation of atmospheric neutrino flux, we need the primary cosmic ray spectra model, the atmosphere model, and the geomagnetic field model, other than the a e-mail: mhonda@icrr.u-tokyo.ac.jp Primary cosmic ray data and the spectra model. Small triangles show the AMS-01 [7] data, small circles BESS [8] , small squares BESS-TeV [9] , Large triangles JACEE [12] , and large squares RUNJOB [13] .
hadronic interaction model. We used the primary flux model based on AMS [7] and BESS [8, 9] data shown in Fig. 1 . US-standard76 [10] is used for the atmosphere model, and IGRF2000 [11] for the geomagnetic model in Ref [6] . Those atmosphere and geomagnetic models are taken over by NRLMSISE-00 [10] and IGRF2010 [11] respectively, in the more recent work [14] . We show the horizontal component of the geomagnetic field in Fig. 2 with the 2 experimental sites where we calculate the atmospheric neutrino flux in this paper (INO [15] and South Pole [16] ). For the 3-dimensional calculation, we assumed the surface of the earth is a sphere with radius of R e =63781.80 km. In addition to the surface of the earth we assumed three more spheres, the injection sphere, the simulation sphere, and the escape sphere. We have taken the radius of the injection sphere as R in j = R e + 100km, and the radius of simulation sphere as R esc = R sim = 3 × R e , and that of escape sphere as R esc = R sim = 10 × R e =63781.80 km in Ref. [6] . The radius of simulation sphere is take as the same as that of escape sphere (R esc = R sim = 10 × R e ) after Ref. [17] . Cosmic rays are sampled on the injection sphere uniformly towards the inward direction, following the given primary cosmic ray spectra. Before they are fed to the simulation code for the propagation in air, they are tested to determine whether they pass the rigidity cutoff or not. For a sampled cosmic ray, the "history" is examined by solving the equation of motion in the negative time direction. When the cosmic ray reaches the escape sphere without touching the injection sphere again in the inverse direction of time, the cosmic ray can pass through the magnetic barrier following its trajectory in the normal direction of time. The propagation of cosmic rays is simulated in the space between the surface of Earth and the simulation sphere.
In the 3-dimensional calculation of atmospheric neutrino flux, we need a very fast interaction code. On the other hand, the established interaction codes are generally slow in the actual computation. Therefore, we construct an inclusive interaction model from the output of the established interaction code, by the parameter fitting, and use it in the 3-dimensional calculation of atmospheric neutrino flux.
In Ref. [6] , we used the inclusive interaction code constructed from the output of DPMJET-III [18] , which is called as inclusive-DPMJET-III. After Ref. [17] , we constructed the inclusive interaction code from the JAM interaction code, which is used in PHITS (Particle and HeavyIon Transport code System) [19] , and used at the energies below 32 GeV.
Hadronic interaction model and muon calibration
The hadronic interaction model is one of the largest source of the uncertainty of the atmospheric neutrino flux. As the main source of the atmospheric neutrino is π − µ decay at low energies ( 100 GeV), we can use the observed muon spectra for the calibration of the hadronic interaction model, when we have well-determined primary cosmic ray spectra and accurately measured atmospheric muon spectra.
We consider the primary cosmic ray spectra in Fig. 1 are well determined below 100 GeV, since the observed data by AMS-01 [7] and BESS [8, 9] show a very good agreement. We used the atmospheric muon spectra observed mainly by BESS [9, 20, 21] . In this study we selected DPMJET-III [6] , and modified it so that it reproduce the observed atmospheric muon spectra more accurately [22] .
We note that the uncertainty of the cosmic ray spectra largely increases above 100 GeV. When we can use more accurate primary cosmic ray spectra above 100 GeV, we will repeat the study of the hadronic interaction model above 100 GeV to improve the calculation of atmospheric neutrino flux. However, the energy of accurately measured atmospheric muon data is limited below a few TeV. The energy of the hadronic interaction studied with this method is also limited below a few 10 TeV,
Calculated atmospheric neutrino flux
In Fig. 4 , we present the results for the atmospheric neutrino fluxes at 1 GeV as a function of the zenith angle after averaging over all the azimuthal angles for INO [15] and South Pole [16] . The flux peak at the horizontal direction is due to the geometrical horizontal enhancement of the atmospheric neutrino flux. There are large up-down asymmetries in the atmospheric neutrino flux at both sites. The downward going neutrino flux is larger at the South pole, while upward going neutrino flux is larger at the INO site due to the different rigidity cutoff. These difference due to the rigidity cutoff decrease with the increase of neutrino energy, and almost disappear at 10 GeV.
Next we present the results for the atmospheric neutrino fluxes as a function of azimuthal angle φ for INO site (Fig. 5) and South Pole site (Fig.6 ). In these figures we show the variation of atmospheric neutrino flux as the function of the azimuthal angle averaging them over the five zenith angle ranges, 1 > cos θ > 0.6, 0.6 > cos θ > 0.2, 0.2 > cos θ > -0.2, -0.2 > cos θ > -0.6 and -0.6 > cos θ > -1. We find that the variation of the atmospheric neutrino flux has a complex structure at low (anti)neutrino energies, due to the rigidity cutoff and muon bending in the geomagnetic field. [21] , Tsukuba from S. Haino et al. [9] , L3+c from P. Achard et al. [24] , DEIS from O.C. Allkofer et al. [25] , and MUTRON from S. Matsuno et al. [26] . Right panel: comparison pion spectra of the accelerator data [23] and modified interaction model At INO site the azimuth variation has the complex structure due to the high rigidity cutoff and the strong horizontal component of geomagnetic filed. This variation remains almost the same for the near horizontal direction even above 10 GeV. On the other hand, the azimuth variation at South Pole is very small due to the dipole nature of the geomagnetic field.
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Summary and discussions
We find that the low energy atmospheric neutrino flux is quite different depending on the position in the geomagnetic field. Therefore, the full 3-dimensional scheme calculation is necessary for the theory prediction of atmospheric neutrino flux.
We use the hadronic interaction model after constructing the inclusive code, and it could be calibrated by the atmospheric muon spectra measured accurately. However, for the interaction above 10 TeV, the calibration with atmospheric muon is not effective, since there are no accurately measured muon spectra, and due to the uncertainty of primary cosmic ray spectra.
